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It is helpful to understand the definition of a number of different i O
types of “special” matrices.

Transpose of a matrix

The transpose of a matrix A is denoted ATand is found by inter-
changing the rows and the columns.

The first row becomes the first column, the second row becomes
the second column etc.

If A is an m x n matrix, then AT is an n x m matrix.

Examples
1. If
1 2
A=1]3 4
5 6

then by interchanging the rows and columns we get
1 35
2 4 6|

In this case A is a 3 x 2 matrix and its transpose AT isa 2 x 3

AT =

matrix.
2. If
B — 1 2
5
then
BT — 1 7
5
3. If
Cc— 5 2
2 4

O = O
_ O O




then

c’ =

5 2
2 4|
Note that in this case C = CT and C is called a symmetric matrix.

Symmetric Matrix

A symmetric matrix is a square matrix which is equal to its trans-
pose. It is also symmetric about its leading diagonal (top left to bot-
tom right).

Examples

1. The matrix

is symmetric because

DT 1 3
3 4
=D.
2. The matrix
3 4 5
E=|4 -2 -3
5 -3 1

is symmetric because

3. The matrix



is symmetric because

Orthogonal Matrix

A square matrix is orthogonal if ATA = AAT = I where I is the unit
matrix (also called the identity matrix).

Because A"!A = AA~! = I it follows that for an orthogonal
matrix AT = A~!. This can be useful for finding the inverse of an
orthogonal matrix as it is usually easier to find the transpose than the
inverse of a matrix.

Note that the determinant of an orthhogonal matrix is either equal
to +1 (a rotation matrix) or —1 (a reflection matrix).

The rows of an orthogonal matrix are mutually orthogonal (per-
pendicular) unit vectors. The columns of an orthogonal matrix are
also mutually orthogonal unit vectors.

Examples

. . cosf sinf | . .
The rotation matrix A = is an orthogonal matrix

—sinf cosd
that rotates points, lines and regions through an angle of 6° anticlock-
wise. !
cosf sinf

= cos? 0 +sin?6 = 1.

The determinant, det |A| = .
—sinf cosf

AT — l cosf —sinf ]

sinf cosf

ATA__COSQ —sinf cosf sinf
| sinf cosh

—sinf cos6
_ cos? 6 + sin? 6 cosfsinf — sin 6 cos O ]

sin 6 cos 8 — cos 6 sin sin? 6 + cos? 6

[10
o1

* Note that in the following sections, we
use the trigonometric identity

cos? 0 +sin?6 = 1.



and
AAT — [ cos®  sind cosf —sinf
| —sin® cosf sinf  cos@
B [ cos? 0 + sin’ 0 — cosfsinf + sinf cos 0
| —sin@cosf + cosOsinb sin® @ + cos? 6
[10
1o 1]

That is to say ATA = AAT = 1. Hence

-1 1
" detA

cosf) —sinf
sinff  cos6
_1 cosfl —sinf
o sinf  cos@

= AT,

1
0 -1
reflects points, lines and regions in the x-axis.

The reflection matrix B = [ is an orthogonal matrix that

|B| = —1and BT = 1o
0 -1

BB =BB’ =Iand B = B!
Note that in this case B is both orthogonal and symmetric.

Exercise 1
Given
2 0 5
1 -3
A:{3 —2} B—l . c=|0 —2 2| D=
5 2 1

(a) Write down the transpose of each of the matrices.
(b) Which of the given matrices are symmetric?

Answers

a. AT =
-2 -3 0

V] e[ D

b.B and C are symmetric.

cT=|0 -2 2 pT =

-1 -1 E=
5 2

1 -1
0 1
-1 0
0 1
1 0
-1 1

1
-1
0



Exercise 2
Given

-4
L_[ :
-1

O UlkUIWw

0
_01] M= 0
1

O vilw

(a) Which of the given matrices are orthogonal? If the matrix is

orthogonal, write down its inverse.

(b) Which of the given matices is a rotation matrix?

Answers

(a) M, N and Q are orthogonal

3 4 9
1 °y 3 1
0 0 1

(b) M is a rotation matrix. [M| = 1.

2 1
-2 2
1 2

2
1
-2



