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IN7: Integration Using Partial Fractions

Some times a complex function may be integrated by breaking it up
into partial fractions. The idea is that each partial fraction is an easier
integral than the original. For example:
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The integrals on the right are much simpler than that on the left. This
module explains how this can be done.

Adding Fractions

When adding fractions we rewrite the fractions with a common de-
nominator and then add the numerators®.

For example:
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Finding Partial Fractions

To find partial fractions, we do the reverse of what we did when
adding fractions above. In other words we want to go from
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algebraic fraction partial fractions

The first step in finding partial fractions is to factorize the denom-
inator. The factorization used will depend on the form of the orig-
inal fraction’s s denominator. We summarize this below. Note that
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* The numerator is the top line of the
fraction and the denominator is the
bottom line. For ﬁ, the numerator is 2
and the denominator is x + 2.



a,b,c,k,m,n, p and q are constants that are known and A, A;(i € {1,2,...,n}),B
and C are constants that you have to determine.

1. Two distinct linear factors:

mx +k A B

_mx+k e tor .
G—a)(x—b) actorize using e + ~—b
2. Repeated linear factors:
L—i_kn factorize using A1 + A2 7 +...+ An-1 — An -
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3. Linear factor and irreducible quadratic factor:
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factorize using

(px +q) (ax2 + bx +¢) px+q+ax2+bx+c'

To express an algebraic fraction as partial fractions:

1. Factorize the denominator (using the guidelines above);

2. Write the algebraic fraction in partial fraction form with unknown
constants A, A;, B and C;

3. Add the partial fractions;

4. Equate coefficients, or substitute values of x to determine the
value of the unknown constants.

Using Partial Fractions in Integration

To integrate a function that is an algebraic fraction that is too hard
to integrate directly we first convert it into partial fraction form and
integrate each of the partial fractions.

Example 1: Find the integral of XZL% with respect to x.

Solution: We first decompose the integrand into partial fractions.
Since x? 4+ 2x — 3 = (x +3) (x — 1), we are dealing with the case



where the denominator has two distinct linear factors. Therefore we
factorize as follows:

x—=5 x—5
x24+2x -3  (x+3)(x—1)
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Now we have to determine the constants A and B. First add the
partial fractions. We do this by finding a common denominator, in
this case (x +3) (x — 1) :
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That is,

x—coefficient constant term
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The constants A and B can be found by equating the coefficients

of terms on the left and right sides of the equation. On the left, the
coefficient of x is 1 and on the right the coefficient is A + B . Similarly
the constant term on the left side is —5 and on the right itis —A +
3B. This gives us the following simultaneous equations:

A+B=1 (1)
—A+3B=-5 (2)

These equations are easily solved by elimination. Adding the equa-
tions we get

4B = -4
B=-1.

Substituting for B in equation (1) gives



Finally we have:
x—5 A B

x2+2x—3_x+3+x—1
2
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T x4+3 x-—1

We can now evaluate the integral
x—5 2 1
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=2In[x+3[—-In|x—1|+c ,cbeing a constant.

Using the laws of logarithms, aln (x) = In (x?) and In (a) — In (b) =
In % , we can also write the answer as:
x—5 .
/mdx—21n|x+3| —Injlx—1|+c¢ c being a constant.
=In(x+3)*—In|x—1|+c
(x +3)?
¥ =1

=In +c

Example 2: Find the integral of ﬁ%ﬁg.

We first factorize the denominator:
3 —5x24x-5=x*(x—5) +x—5
= <x2+1) (x—5).
In this case we have a quadratic factor and a linear factor. Therefore
we factorize as follows:
x2-3x+16  Ax+B n C
x3—5x2+x—5  x24+1  x+5
_ (Ax+B)(x=5) C(x2+1)
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_ Ax? —5Ax+Bx—5B+Cx?+C
N (x2+1) (x +5)
=(A+C)x*+ (-5A+B)x—5B+C

Equating coefficients of x?, x and the constant gives the three equa-
tions:
A+C=1 (1)
—-5A+B=-3 (2)
—5B 4+ C = 16. (3)



which may be solved simultaneously as follows. Multiply (1) by 5:
5A+5C=5 (4)
and add equation (2) to (4) to get:

B+5C=-3+5
=2
5B + 25C = 10 multiplying by 5. (5)

Adding equation (5) to (3) gives:

26C = 26
C=1. (6)

Substituting (6) into (1) gives

A+1=1
A=0. (7)
Finally substituting A = 0 in (2) gives
B=-3. (8)
Therefore the partial fraction decomposition is:
x2-3x+16  Ax+B  C
x3—5x24+x-5  x24+1 x-5

_ 3,1
T x241 x-5

We can now do the integral:

x> —3x+16 -3 1 ' . .
/ (x3 o S 5) dx = / <x2+1 + x5> dx using partial fractions

1 1
_/x—sdx_3/x2+1dx

=1In|x -5/ —3tan"! (x) +¢, cbeinga constant.

Important Note

The process of finding partial fractions can only be performed on
fractions where the degree of the denominator of the algebraic frac-
tion is greater than that of the numerator. If necessary, divide the de-
nominator into the numerator then express the remaining fractional
part as partial fractions.



For example, the numerator and denominator of

x24+7x+7
(x+1)(x+2)

are of degree 2. So before finding partial fractions we would divide
the numerator by the denominator to get:

X2+ 7x+7 - 4dx +5

(x+1)(x+2) (x+1)(x+2)°
The fraction at right can then be changed into partial fractions to get
24+ 7x+7 1 3
oA s 1+ —— 4+ ——.
(x+1)(x+2) x+1 x+2

Exercises

1. Rewrite each of the following in the appropriate generalized
partial fractions form. Do not calculate the constants. For example

X _ X _ A 4 B
¥2—1 = (x=1)(x+1) = x—1 " x+T1°

2

a) x+6 b) 3 C) 2x d) (x_lj)c(x+1)

x2—5x+6 (x2+3) (x+1) x2+8x+16

2. Express the following as partial fractions:

x+2 3 X2 —2x42 x2
Ao D v 9 vrees 9

3. Perform the following integrations:
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3a) In(3—x)° (x+4) +¢
b) —2In3—x|—¥In|x+2|+c
c) ﬁ+ln((1—x)2\x+1|3+c>



