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A first order variables separable differential equation is one in which the variables can be separated into 
either side of the equation. 

Example 1 

Solve for 𝑦(𝑥) given  
𝑑𝑦

𝑑𝑥
− 𝑥2𝑦 = 0   

𝑑𝑦

𝑑𝑥
= 𝑥2𝑦  

1

𝑦
 
𝑑𝑦

𝑑𝑥
= 𝑥2  

1

𝑦
 𝑑𝑦 = 𝑥2𝑑𝑥  

∫
1

𝑦
 𝑑𝑦 = ∫ 𝑥2𝑑𝑥  

ln 𝑦 =
𝑥3

3
+ 𝑐  

𝑒ln 𝑦 = 𝑒
𝑥3

3
+𝑐   

𝑦 = 𝑒
𝑥3

3 . 𝑒𝑐  (let 𝐴 = 𝑒𝑐)  

𝑦 = 𝐴𝑒
𝑥3

3   

 

Example 2 

Solve for 𝑦(𝑥) given  
𝑑𝑦

𝑑𝑥
= 3𝑦 + 1             𝑦(0) = 1  

Soln: 

𝑑𝑦

𝑑𝑥
= 3𝑦 + 1     

1

3𝑦+1
  

𝑑𝑦

𝑑𝑥
= 1  

∫
1

3𝑦+1
 𝑑𝑦 = ∫ 1 𝑑𝑥  

∫
1

3𝑦+1
 𝑑𝑦   Solve this integral using method of substitution 

 Let 𝑢 = 3𝑦 + 1   →     
𝑑𝑢

𝑑𝑦
= 3    →     𝑑𝑦 =

𝑑𝑢

3
 

∴ ∫
1

𝑢
 

𝑑𝑢

3
= ∫ 1 𝑑𝑥  

1

3
ln(𝑢) = 𝑥 + 𝑐1   

1

3
ln(3𝑦 + 1) = 𝑥 + 𝑐1  

ln(3𝑦 + 1) = 3(𝑥 + 𝑐1)   

3y + 1 = 𝑒3𝑥+3𝑐1 
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𝑦 =
1

3
(𝑒3𝑥+3𝑐1 − 1)  

𝑦 =
1

3
 𝑒3𝑥𝑒3𝑐1 −

1

3
   Let 𝐴 =

1

3
𝑒3𝑐1 

𝑦 = 𝐴 𝑒3𝑥 −
1

3
 

Substitute given boundary values to solve for A.  

∴  1 = 𝐴 𝑒3×0 −
1

3
 

𝐴 =
4

3
  

  

∴ 𝑦(𝑥) =
4

3
  𝑒3𝑥 −

1

3
  

 

 

 

Exercise  

a. 
𝑑𝑦

𝑑𝑥
= sin5𝑥  

b. 𝑑𝑥 + 𝑒3𝑥𝑑𝑦 = 0 

c. (𝑥 + 1)
𝑑𝑦

𝑑𝑥
= 𝑥 + 6  

d. 𝑥𝑦′ = 4𝑦 

e. 
𝑑𝑦

𝑑𝑥
=

𝑦3

𝑥2 

f. 
𝑑𝑦

𝑑𝑥
=

𝑥2𝑦2

1+𝑥
 

g. 
𝑑𝑦

𝑑𝑥
= 𝑒3𝑥+2𝑦 

h. 
𝑑𝑦

𝑑𝑥
= 𝑦 𝑥 𝑠𝑖𝑛5𝑥 ;       𝑦(0) = 1 

i. 
𝑑𝑦

𝑑𝑡
+ 𝑡𝑦 = 𝑦 ;      𝑦(1) = 3 

j. 
𝑑𝑦

𝑑𝑥
= 𝑦2 − 1 ;         𝑦(0) = 2 

 

 

 

Answers 

a. 𝑦 = −1

5
𝑐𝑜𝑠5𝑥 + 𝑐 

b. 𝑦 = 1

3
𝑒−3𝑥 + 𝑐 

c. 𝑦 = 𝑥 + 5𝑙𝑛|𝑥 + 1| + 𝑐  

d. 𝑦 = 𝑐𝑥4 

e. 𝑦 = ±√
𝑥

𝐶𝑥+2
  

f. 𝑦 = [−
1

2
𝑥2 + 𝑥 − 𝑙𝑛|𝑥 + 1| + 𝐶]

−1

  

g. 𝑦 = −
1

2
ln (

2

3
𝑒3𝑥 + 𝐶)  

h. 𝑦 = 𝑒−𝑥
5𝑐𝑜𝑠5𝑥+

1
25𝑠𝑖𝑛5𝑥 

i. 𝑦 = 3𝑒𝑡−
1

2
𝑡2−1

2 

j. 𝑦 =
3+𝑒2𝑥

3−𝑒2𝑥
  


