IN6 Integration by Substitution

Under some circumstances, it is possible to use the substitution
method to carry out an integration. The idea is to make a substitu-
tion that makes the original integral easier. Generally, if some part of
the integrand is a derivative of another part multiplied by a constant,
substitution may be useful. !

Integration by Substitution

The basic rule is:

If u = g (x) and 9% = ¢’ (x) then

[Fg(g @yav= [ f wydu.

This may also be written:

/f(u) Z—udx:/f(u)du.

X

A simple test may be used to see if substitution is useful. Look at
the integrand® and see if one part of it is the derivative of another
part multiplied by a constant. If so, substitution may be helpful. For

/2x cos <x2> dx.

Note that the derivative of x? is 2x and so one part is the derivative

example consider

of another part and substitution can be used. Even if we have the

/ xcos (2 dx

integral

the derivative of x2 is 2x. Since x is 1/2 of the derivative of x2, substi-

tution is still possible.

Example 1: Calculate [ 2x cos (x?) dx.

Solution: In this solution we use the second form of the substitution
rule3.
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Let u= g(x)

and
d r
= = g'(x).

dx

Then

ff(.fJ(X))g'(x)dx = ff(u)du.

* The integrand of an integral is the
function being integrated. For example
the integrand of the integral

/ 2x cos (xz) dx

is 2x cos x2.

*> The integrand of an integral is the
function being integrated. For example
the integrand of the integral

/Zx cos (xz) dx

is 2x cos x2.

/f(u) Z—zdx:/f(u)du.



Let u = x? then cos (x?) = cos(u) = f (u) and du/dx = 2x.
Substituting these in the integral gives

/2xcos (xz) dx = /% cos (u) dx
= /f(u) Z—udx

X

= / f(u)du using the substitution rule

= /cos (u) du

= sin (1) 4+ c +¢, ¢ a constant

= sin (x2> +c.

Note that our choice of u = x2 was based on the fact that the
derivative is 2x which is part of the integrand.

Example 2: Calculate [ x cos (x?) dx.

Solution: Again set u = x? because du/dx = 2x and so x = %Z—Z As
in the first example, cos (x2) = cos (1) = f (1) and substituting in the

integral we get

/xcos <x2> dx:/%%cos (u)dx

X

= % / f(u)du using the substitution rule

:%/cos(u)du
_1 1

=5 sin (1) + ¢, ¢ a constant

= %sin (xz) +c

Example 3: Find [ (8x —5) dx.

Solution: We set u = 8x — 9 thendu/dx = 8 so 1:%du/dx and
(8x —5)” = u® = f (u). Substituting in the integral we get4 +Note that (8x —5)” =1 x (8x —5)’.



/(Sx— dx—/ldu u’dx

"1du
= | g/ (Wdx

=3 / f (u)du using the substitution rule

8/ wWdu

= ,714 + ¢, ¢ a constant
810

80(8x—5)0+c.

Example 4: Find [ x (x* + 2)3 dx.

Solution: We set u = x2 + 2 because the derivative du/dx = 2x and

x =19 Then (x2 + 2) =u? = f (u) and the integral becomes
/‘x(xZJrZ)dx— 23“ wldx
1 3du
2 dxdx

2/ wdu

7,,u ¢, ¢ a constant
24 *

1 4
o (x + 4) +e
Note in this example we did not put in the steps involving f (u) as

done previously. These steps are not required and were put in to
clarify the use of the substitution rule.

Example 5: Find [ x2e* ¥ dx.

Solution: We set u = 4 — x® because du/dx = —3x? which is —3 times
the other part of the integrand. So x*> = — %du /dx.Substituting, the
integral is:

1 ,du
g de
1

= _5 eudu
1

= —ge” + ¢, ¢ a constant

. ]. 47)(3
= 36 +c.



Example 6: Find | %dx‘

Solution: Let u = 1+ x° then du/dx = 5x*and x* = %du/dx.
Substituting in the integral we get:

xt 1 1
[ Tasts = [ gansdxds
_ 1/du/dxldx

u

:5/ ™

= ln|u|+c ¢ a constant

:%ln‘1+x ‘+c.

Definite integrals

The method of substitution may also be used to evaluate definite
integrals but you need to be careful with the limits of integration
when you change the variable of integration.
For example suppose we want to evaluate f01 (2x + 1)5 dx. We set
u=2x-+15thendu/dx = 2and so 1 = %%. Note that when x = 0, 5 We will use the fact that
u =1 and when x = 1, u = 3. Substituting into the integral we get: (2x+1° =1x 2x+1)°.

/01(2x+1)5dx—/11 (2x +1)° dx

11du 54
2dx

2/

- 35 [“6]2 j

Note the change of limits on the integration in line 3 as we are now
integrating with respect to u.

Alternative Notation

In many texts and possibly your lecture notes, you will find a slight
change in notation. For example, consider the integral of Example 1



above: [ 2xcos (xz) dx. As before we set u = x2 then du/dx = 2x.
The alternative notation then rearranges this to give dx = zl—xdu. Then
substituting for x? and dx in the integral we get:

1
/Zx cos (xz) dx = /Zxcos (u) Edu
= /cos (u)du
=sin (u) + ¢, ¢ a constant
=sin <x2) +c.

This method gives the same result and will always work. However,

you should realize that du /dx is not a fraction® and you have no ¢ The derivative du/dx is not a fraction.
Remember that the derivative of a
function u (x)is defined by the limit:
d h) —
U imu(x+ ) u(x).

Exercises dx 10 h

right to treat it like one when you rewrite du/dx as dx = 5-du.

Find the following;:
1. [ (5x+ 1) dx

N

- 322 (3 +2) dx
[@x+1) (2 +x+3) dx

. [ 6x2\/(x3 +3)dx

. [sin (3x +2) dx

Bow

N U

) f6xzex3dx
[ 2x_dx

2-+x2

N

Answers

In the answers below, c is a constant.

L (5x2ng)5 Iy
2. (X322)6 T
N (x2+z+3)4 L
4. 47(3(3;3)3/2 +c

5. —1cos(3x+2)+c
6. 26 +¢

7. In(2+x%) +¢



